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Abstract
We examine the role played by crossover in a series of genetic algorithm-based evo-
lutionary simulations of the iterated prisoner’s dilemma. The simulations are char-
acterized by extended periods of stability, during which evolutionarily meta-stable
strategies remain more or less �xed in the population, interrupted by transient, un-
stable episodes triggered by the appearance of adaptively targeted predators. This
leads to a global evolutionary pattern whereby the population shifts from one of a
few evolutionarily metastable strategies to another to evade emerging predator strate-
gies. While crossover is not particularly helpful in producing better average scores,
it markedly enhances overall evolutionary stability. We show that crossover achieves
this by (1) impeding the appearance and spread of targeted predator strategies during
stable phases, and (2) greatly reducing the duration of unstable epochs, presumably by
ef�cient recombination of building blocks to rediscover prior metastable strategies. We
also speculate that during stable phases, crossover’s operation on the persistently het-
erogeneous gene pool enhances the survival of useful building blocks, thus sustaining
long-range temporal correlations in the evolving population. Empirical support for
this conjecture is found in the extended tails of probability distribution functions for
stable phase lifetimes.
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1 The iterated prisoner’s dilemma
The prisoner’s dilemma, a well-known model-problem in game theory, has now be-
come a standard paradigm in studies of the emergence of cooperation among sel�sh
individuals (Axelrod and Hamilton, 1981; Axelrod, 1987; Brembs, 1996). Two non-
communicating, competing �players�, A and B, must choose to either cooperate (C) or
defect (D). They score points according to a payoff matrix (see Table 1) that speci�es
each player’s score according to the four possible combinations of mutual moves. The
numerical values for the entries in the payoff matrix have become a kind of standard,
following early work in the �eld (Axelrod and Hamilton, 1981). The �dilemma� arises
because the optimal outcome for each player materializes by defecting provided that the
other player cooperates (DC! [5; 0]). Mutual defection is bad for both (DD! [1; 1])
while mutual cooperation yields intermediate scores for both players (CC! [3; 3]).
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Table 1: Payoff matrix for the Iterated Prisoner’s Dilemma.
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If players meet only once and no prior information is available on the other
player’s behavior, then the best strategy is to defect. However, mutual cooperation does
better under repeated encounters where players �remember� one or more of the oppo-
nent’s previous moves. This situation de�nes the iterated prisoner’s dilemma game
(hereafter IPD). Early research on the IPD showed that a remarkably simple strategy,
dubbed Tit-For-Tat (TFT), did quite well under a variety of tournament setups against
far more elaborate strategies (see Axelrod and Hamilton (1981)). TFT acts on the basis
of the opponent’s single previous move. It starts off nice (C on �rst encounter), retali-
ates ruthlessly (D if opponent’s previous move was D, no matter what anterior moves
were), and does not hold a grudge (C if opponent’s previous move was C, indepen-
dently of earlier moves). TFT does quite well playing against itself (CC! [3; 3] at each
move). However, TFT-speci�c �predators� are readily constructed. For example, Anti-
TFT (ATFT) operates like TFT except that it always defects on the �rst move; the �rst
encounter yields a payoff of 5 for ATFT, giving it an initial scoring edge that TFT can-
not overcome in the subsequent suite of mutual defections (DD! [1; 1]). Tit-for-two-tat
(TF2T) is a �generous� strategy that grants the opponent a chance to cooperate anew af-
ter a �rst defection, i.e., it requires two D’s in a row from the opponent to switch its own
moves from C to D. ALLC always cooperates, and represents the ultimate �sucker�
strategy in the IPD.

Beginning with the pioneering work of Axelrod (1987) , searches for optimal IPD
strategies have been made by evolving a population of strategies, ensuring that above-
average strategies contribute a greater fraction of the population at the next genera-
tional iteration. An interesting question in this context, and one that has been subjected
to great scrutiny (Boyd and Lorberbaum, 1987; Nowak and Sigmund, 1992; Nowak and
Sigmund, 1993; Fogel, 1993), is whether there are IPD strategies that are evolutionar-
ily stable, i.e., that do well against themselves yet can resist invasion by prey-speci�c
strategies (such as ATFT preying upon TFT). As far as deterministic strategies are con-
cerned, the answer has been shown to be �no� (Boyd and Lorberbaum, 1987), but in the
context of stochastic strategies, TFT was found to be a very useful intermediate step to-
wards the emergence of very stable strategies (Nowak and Sigmund, 1992). Mistakes in
the implementation of a move, playing cooperation instead of defection or vice-sersa,
allow evolutionary stability (Boyd, 1989). Lindgren (1991) found an evolutionary stable
strategy with a memory of four while studying strategies with different memory size.
The introduction of multiple choices induce diversity in behavior which make the co-
operation more robust in noisy environment (Chong and Yao, 2005; Darwen and Yao,
2002).

Genetic algorithms (hereafter GAs) represent one class of population-based evolu-
tionary algorithms that have been used extensively in the study of the IPD. In classical
GAs, a crossover operator exchanges substrings between binary strings de�ning two
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population members selected for breeding. In the presence of selection pressure, this
can lead to an exponential increase in the frequency of substrings that confer their bear-
ers above-average �tness in the population (Holland, 1992 ). Evolution then becomes
primarily a matter of searching for these advantageous �building blocks�, and combin-
ing them in single individuals in the course of breeding (Holland, 1992; Spears, 1993).
Mutation, random changes of single bits in an individual’s de�ning string, is seen as a
secondary process, although it is needed to maintain variability across the population,
and, in doing so, guards against premature convergence.

It has proven surprisingly dif�cult to empirically and unambiguously demonstrate
the usefulness of crossover in the context of speci�c search and optimization problems
tackled with GAs (Fogel and Atmar, 1990; Spears, 1993; Culberson, 1994; Jones, 1995),
or to identify the various roles played by crossover in the evolutionary search process
(Spears, 1993; Holland, 2000). Yet, crossover seems ubiquitous in biological genetic
systems. Holland (2000) lists four main reasons given to explain this prevalence of
crossover, which he ranks in order of importance as follows: (1) recombining build-
ing blocks; (2) providing persistent variation to escape adaptive targeting by �preda-
tors�; (3) repairing mutational damage; (4) generating large jumps in genetic �parame-
ter space�. In principle, all four of these roles should carry over to the GA context.

In this paper, we carry out and investigate a series of genetic algorithm-based evo-
lutionary simulations of the iterated prisoner’s dilemma. The simulations offer an evo-
lutionarily dynamical environment in which, among other things, the role of crossover
can be examined. Our experimental design is described in x2, and our time series anal-
ysis technique in x3. Results are presented and discussed in detail in x4. We then offer
some speculative ideas regarding the role of crossover in sustaining long-range tem-
poral correlations in the evolving population (x5). We close in x6 by summarizing our
main results and arguments, and their possible implications for evolutionary dynamics
at large.

2 Evolutionary simulations of the Iterated Prisoner’s Dilemma
2.1 Experimental setup
Following Axelrod (1987) , we use a standard GA to evolve a population of M = 100 re-
active and deterministic IPD strategies up to N = 107 generational iterations. Stochas-
tic tournament selection is used to determine which strategies in the current genera-
tion contribute offspring to the next. Each individual strategy confronts 10 randomly-
selected population members (excluding itself), each time playing 66 game moves. An
average score-per-move is then computed for each population member. A subset of
strategies having collected higher-than-average scores are then isolated, and breed the
next generation amongst themselves. Population replacement takes place by making
M=� copies of each of the top-� subset of strategies, pairing them randomly, and apply-
ing to each corresponding pair of de�ning strings the usual GA operators of crossover
and mutation. Elitism is enforced, i.e., the best strategy of the current population is
always copied intact once into the next generation. With M offspring strategies so
constructed, the next tournament then opens anew. All this amounts to rather severe
selection pressure; in the absence of recombination and mutation, the takeover time for
the best initial strategy is found (empirically) to be about 6 iterations for � = 20.

Strategies are encoded as a 6-level-deep binary tree (see Figure 1 for two 4-level-
deep examples). Starting at the top of the tree, a downward path is followed according
to the opponent’s previous �ve moves, ending in a �decision�, C or D, for the current
game move. The strategy is thus de�ned by the binary values assigned to the tree’s 63
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Figure 1: A 4-level version of the 6-level binary tree used to encode strategies, for the
TFT (left) and ATFT (right). The coding is such that 1 �Cooperation, 0 �Defection
and �#� is a �don’t care� symbol. Starting at the root, one moves right (left) if the
opponent last move in memory is C (D); the process is repeated down to the bottom of
the tree, and the current move is the value thus arrived at. The two strategies encoded
here would, upon meeting, play the sequence [TFT,ATFT]: [1,1], [2,3], [4,6], [8,12], [8,8],
[8,8],... amounting to [C,D] on the �rst move, followed by [D,D] ever after.

nodes (1 �C, 0 �D). Cooperation (defection) by the opponent on the previous move
triggers the next-move decision encoded on the right (left) branch originating from the
current node. With these numbered layer by layer starting at the top, a strategy ends
up being de�ned by a 63-bit-long string. Instead of taking only the last row as Axelrod
(1987) did, we prefer to have strategies that can make decision without full memory
load instead of creating a virtual one for the �rst moves that never occurred. Encoding
the decision as a tree enable actual strategies for the �rst, and all later moves. In the
�rst 5 moves of a given confrontation, when the information needed to move down the
whole tree is not yet available, the scan stops once information on prior moves runs out
(level 1 on �rst move, level 2 on second, etc., up to move �ve, from which point the full
tree depth is utilized). Reading the tree from left to right at each row, starting at the top
(root of the tree) and going through all the row until the last one, we end up with the
string used in the simulations. Under this representation, TFT is de�ned by the string
1010101... (Fig. 1, left), ALLD by 0000000..., and TF2T by 111011101110....
The prey-speci�c ATFT is encoded by �0� at locii 1,3,6,12,24,32,48, and �#� everywhere
else, where �#� is a �don’t care� symbol, indicating that the corresponding node plays
no role against TFT (see Fig. 1, right). Note that only two bit-�ip mutations, at locii 1
and 3, are needed to turn a TFT into an ATFT. As seen from the example of TFT and
ATFT, not all nodes are used. In this confrontation the nodes represented by �#� in
ATFT are not read.

We use uniform one-point crossover (with �xed probability pc) and uniform bit-
�ip mutation (�xed probability pm at each bit). In what follows the value of pm is set
at 1=n, where n = 63 for a 6-level deep binary tree is the number of bits in the de�ning
string. Note that this then implies pm � pc, which is the usual case in most standard
GAs.

For ease of reference, Table 2 lists the de�ning parameters of our �reference� simu-
lation 1. Although most of the discussion to follow focuses on this reference simulation,
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Table 2: Parameters of reference simulation
Parameter Value

Generational iterations N 2.5�106

Population size (M ) 100
binary tree depth 6
string length (n) 63

confrontations per iteration 10
IPD moves per confrontation 66

Breeding subset size (�) 20
crossover probability (pc) 0.7
mutation probability (pm) 1/63

and three no-crossover counterparts (pc = 0), we also carried out similar simulations
for crossover probabilities in the full range 0 � pc � 1, and mutation probability rang-
ing from one �fth to 12 times the reference value pm = 1=63, which corresponds to
mutation affecting on average one bit per offspring string bred. We also ran some sim-
ulations at higher and lower selection pressures, by setting the breeding subset param-
eter � to values of 10 and 50, respectively. The results reported below do not depend
sensitively on numerical choices for these parameters, within reasonable bounds.

The simulation starts with purely random strategies, constructed by assigning bi-
nary values of �0� or �1� with equal probabilities to every node of the tree. Some
simulations were also seeded by arti�cially inserting a single TFT player in the other-
wise random initial population, but this did not lead to any signi�cant differences in
the overall behavior across the length of the simulations.

2.2 Representative simulation results
Let s(i) represent the array containing the average score-per-move (hereafter simply
�score�) achieved by each strategy within the current population at generational itera-
tion i:

s(i) = fs1(i); s2(i); :::; sM (i)g ; (1)

where M is the population size; de�ne now the time series s of the score achieved at
each iteration by the current best strategy, i.e.,

s(i) = Max( s(i) ) : (2)

The solid line on Figure 2 is a 1200-iteration representative portion of such a time series,
extracted from a typical simulation run. The mean score of s(i) across the whole 2:5 �
106 iterations of this simulation is 2.50, with a r.m.s. deviation of 0.19. For perspective,
recall that for our adopted IPD payoff matrix, TFT playing against itself yields a score
of 3, while ALLD playing against the ultimate �sucker� strategy ALLC scores 5 (with
ALLC getting zero).

The �rst thing to note upon examining the simulations in their totality is that,
indeed, there are no strictly evolutionarily stable deterministic strategies for the IPD.
Even when run repeatedly from different initial populations, convergence to a �nal,
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Figure 2: A 1200-iteration representative portion of the time series, for best score at each
iteration, 2105500 iterations after the beginning of a typical simulation. The two sets of
gray tick marks and horizontal bars indicate respectively the beginning and duration
of stable phases, as determined by the recursive running mean technique described in
x3, under two settings of the tolerance parameter, � = 0:05 (top) and � = 0:1 (bottom).

ever-stable population-wide strategy never occurs. However, the simulations do reveal
extended periods of stability, whether measured in terms of best-score (as on Fig. 2),
population-averaged score, or even �genotypic� measures such as Hamming distances.
Strictly speaking we should refer to such phases as �metastable�, although for the sake
of brevity we will usually retain the appellation �stable�. The properties and statistics
of these stable phases, as well as of the intervening unstable periods, are the focal point
of what follows.

The general pattern of long stable phases (subsegments labeled �A� and �C� on
Fig. 2), punctuated by disturbances and relatively short-lived unstable phases, resem-
bles what has been dubbed �punctuated equilibrium� in the biological evolutionary lit-
erature. In the fossil record, this pattern is increasingly recognized as the norm rather
than the exception (Gould and Eldredge, 1993). Lindgren (1991) found a similar dy-
namic when studying the evolution of the memory length �equivalent here to our
binary tree depth� in the prisoner’s dilemma. Here it arises when an evolutionarily
(meta)stable strategy appears in the population. Such strategies do well when playing
IPD against one another, and, provided they can gain a foothold in the existing pop-

6 Evolutionary Computation Volume x, Number x



Crossover and Evolutionary Stability

ulation, they will lead to evolutionary stability. Because the population as a whole is
getting more cooperative, strategies can drop their guard against defection. They may
also be susceptible to a new strategy that �discovers� how to exploit whatever failings
they might present (Darwen and Yao, 1995). This shows up clearly here, as a prominent
spike terminating most stable phases (end of �A�, and immediately prior to �B�, on
Fig. 2). Such predator strategies, however, usually exploit some speci�c Achilles’ heel
of an equally speci�c prey-strategy. They are often not particularly ef�cient playing
IPD against each other, i.e., they are targeted predator adaptation. Because our simu-
lations are carried out with high selection pressure, the formerly stable prey strategies
are rapidly decimated. This is usually followed by an unstable period of lower-than-
average score, often of signi�cant duration, during which the distribution of strategies
within the population �and thus the score measures� vary widely (�B� on Fig. 2).
Stability is restored once a metastable strategy emerges again in the population. Note
that all stable phases are not created equal; on Fig. 2, the �uctuations about the mean for
plateau �A� are distinctly larger than for plateau �C�, re�ecting the degree to which the
dominant strategy is indeed evolutionarily stable. These overall evolutionary patterns
are quite characteristic of all simulations performed at varying crossover and mutation
probabilities, for different population size and/or groupings, with or without elitism,
for different breeding subset size �, etc.

Shorter simulations with different binary tree depth and number of game moves
per confrontation were also carried out, as listed on Table 3. The Table gives the fraction
of simulation time spent in stable phases, for our reference simulation 1 (see Table 2), as
well as the three variants to be introduced shortly below. Across all simulations, only
those with binary tree depth of at least 5 levels (memory of 4 moves) yield a punctu-
ated equilibrium-like evolutionary dynamic, where a high fraction of simulation time
is spent in stable phases, in agreement with the results of Lindgren (1991) . We use
long enough confrontation (66 game moves) so that the initial transient during which
the whole tree depth is not yet used to reach a decision does not overly in�uence the
strategy’s �nal score on a given confrontation. For long enough confrontations, aug-
menting the breeding subset size (� = 10; 20; 50) increases the fraction of time spent in
stable phases when punctuated equilibrium-like dynamics is observed (not shown).

Simulations were done on a SunFire V880 computer running UltraSPARC III pro-
cessors with 900MHz clock. Representative simulations were taking on the order of
100 hours to run and analyze on a single processor.

3 Extracting strategy lifetimes

Throughout the foregoing analysis, we adopt a �phenotypic� viewpoint, in that we
analyze the simulation results in terms of �observable� quantities, primarily time series
of various score measures such as on Fig. 2. A central requirement of such an analysis
here is to automatically (and reliably) identify phases of stable scores on such time
series. Among the many possible plateau-identi�cation schemes, we use the following
two.

We �rst consider an algorithm based on recursive running means. From some
speci�ed starting point j in the (discrete) time series of best scores s(i), we compute a
running average

A(j; k) =
1

k � j + 1

k
X

i=j

s(i) (3)
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Table 3: Effect of binary tree depth and game moves per confrontation
Binary tree Moves per Fraction stable

depth confrontation
sim 1 (�) sim 2 (4) sim 3 (�) sim 4(�)

2 20 0.006474 0.006306 0.001560 0.0036640 (d̂ = 0:18717)
2 40 0.005432 0.005184 0.001260 0.0028400 (d̂ = 0:18885)
2 70 0.004682 0.004590 0.001196 0.0023940 (d̂ = 0:19058)
2 80 0.005140 0.005042 0.001050 0.0026840 (d̂ = 0:18971)
3 20 0.027126 0.045366 0.005874 0.0054720 (d̂ = 0:15007)
3 40 0.015782 0.040284 0.004460 0.0045920 (d̂ = 0:128921)
3 70 0.012924 0.035392 0.004044 0.0045680 (d̂ = 0:125676)
3 80 0.011934 0.037426 0.004006 0.0042020 (d̂ = 0:126191)
4 20 0.175720 0.150316 0.048360 0.014354 (d̂ = 0:106015)
4 40 0.108454 0.170786 0.039976 0.013356 (d̂ = 0:095579)
4 70 0.070144 0.100586 0.030772 0.012304 (d̂ = 0:095047)
4 80 0.066980 0.087046 0.029448 0.010646 (d̂ = 0:095531)
5 20 0.309232 0.285546 0.188784 0.038856 (d̂ = 0:079495)
5 40 0.453592 0.414696 0.295642 0.048150 (d̂ = 0:079495)
5 70 0.474070 0.450648 0.318606 0.051406 (d̂ = 0:078484)
5 80 0.463210 0.450440 0.319714 0.051690 (d̂ = 0:078620)

where the averaging ends once an iteration k (> j) has been found such that jA(j; k) �
s(j)j rises above some preset tolerance � (set to 0:05 in what follows, unless otherwise
noted). The process is repeated recursively starting now at iteration j + 1 to compute
the running mean, but keeping the same �origin� at s(j) for the stopping criterion. The
smallest k value (k�, say) found through the recursive iteration becomes the end of the
plateau, which is then assigned a lifetime � = k� � j. The search for the next plateau
then begins anew by resetting the origin at k� + 1.

We also made use of a derivative-based algorithm, whereby the time series is �rst
smoothed using a 21-iteration-wide boxcar averaging �lter. This �lter, assign the aver-
age value of the 20 surrounding values, ten before, ten after and the current to the cur-
rent position. With the �ltering we loose 20 values: the �rst and last ten. A plateau is
deemed to end, and the next one begin, whenever the absolute value of the �rst deriva-
tive of the smoothed time series exceeds some preset tolerance �0 (usually = 0:003).

This task of reliably and automatically identifying stable phases turns out to be
surprisingly delicate. Some of the pitfalls are readily seen upon comparing the two
plateau-identi�cation runs displayed along the top and bottom parts of Fig. 2. The gray
vertical lines mark the onset of stable phases, and the horizontal gray bars indicate
their corresponding lifetime. The two sequences were obtained using the recursive
running-mean method described above, with the top sequence corresponding to our
adopted tolerance value � = 0:05, and the bottom sequence to twice that tolerance.
Not surprisingly, the smaller tolerance breaks up noisy plateau (�A� on Fig. 2) in a
larger number of shorter stable phases than greater tolerance does. The �eye� perhaps
would prefer to see a long but noisy stable phase extending over the complete �A�
interval. On this basis one might be tempted to give preference to higher tolerance
levels. Consider however the unstable phase �B�; the low-tolerance run �nds only
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two short stable phases there, while the higher tolerance run identi�es seven. The
former now appears preferable. Focus now on the low-noise interval �C�. The high
tolerance run identi�es it as a single stable phase, which seems eminently sensible. Yet
closer examination reveals a small but signi�cant drop in the mean score, taking place
approximately halfway through the interval. The low tolerance run correctly detects
this, although it also inserts a short intermediate phase following a short noisy episode.

We have carried out all analyses of the simulation time series with both a low and
high tolerance value, as well as with the derivative-based method described above.
Unless explicitly stated otherwise, all results discussed in what follows use the recur-
sive running mean method with tolerance value � = 0:05, as on the top part of Fig. 2.
These in fact correlate very well with the stable phases identi�ed using the derivative-
based scheme with �0 = 0:003. Fortunately, our results and interpretations turn out to
be robust with respect to the choice of plateau identi�cation technique and associated
internal parameter settings (within reasonable bounds of course).

Although the takeover time associated with our tournament selection procedure
is quite short (anywhere from 5 to 10 iterations, depending on the adopted value of the
breeding subset size �), it still represents a lower bound of what can be meaningfully
dubbed a �stable phase�. Consequently, unless noted otherwise, we will exclude from
the foregoing analysis stable phases of duration inferior to �ve generational iterations.

4 Simulation results: crossover and stability
Of particular interest in what follows is the role played by crossover in the evolution-
ary dynamics of the IPD. The most straightforward way to assess the usefulness of
crossover is to compare various measures in a simulation with crossover, and a sec-
ond simulation with crossover turned off but otherwise identical. Note however that
for a given mutation probability pm, including crossover increases the probability of
disruption at breeding (elitism notwithstanding). For the 63-bit strings used here, the
disruption probability is d1 = 1 � (1 � pm)63(1 � pc) with crossover included, and
d2 = 1 � (1 � pm)63 without (Holland, 1992) . The simulation with crossover must
thus be compared also with a no-crossover simulation having a different mutation rate
p�

m such that d1 = d2. For our reference simulation with pm = 1=63 and pc = 0:7,
this requires p�

m = 0:0345. In the presence of natural selection, the disruption prob-
ability is altered by the convergence toward a smaller set of strategies than a purely
random set. We calculate the empirical disruption probability (d̂), that is the average
proportion of different bits between the parents and the offspring. In the absence of
crossover the empirical disruption probability is the same as the mutation probability.
In the presence of crossover, the empirical disruption probability is the average Ham-
ming distance between the parents divided by the string length (n). The simulation
with crossover is also compared to a simulation with the same empirical disruption
probability (d̂ = 0:078273). d̂ is constant throughout each simulation and does not
differ between stable and unstable phases, so we only need one simulation with empir-
ical disruption probability to the simulation with crossover (Table 4, Line 4, 5 and 6).
Consequently, we will compare results across four distinct �baseline� simulations, the
de�ning parameters of which are listed in Table 4 below. The �rst is the reference simu-
lation, the second is its no-crossover counterpart, the third is a no-crossover simulation
with pm = 0:0345 and the fourth is a no-crossover simulation with pm = 0:078273, as
per the above analysis. In this way we hope to measure the effects of crossover apart
from its disruptive action at breeding. Other simulation control parameters have val-
ues as listed in Table 2, which also lists a suite of measures extracted from these three
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simulations, which are used in the foregoing discussion to assess the role of crossover.
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Table 4: De�ning parameters and characteristics of four baseline simulations
Line Measure Symbol Def. eq. 1 (�) 2 (4) 3 (�) 4 (�)

1 Crossover probability pc � 0:7 0 0 0

2 Mutation probability pm � 0:0159 0:0159 0:0345 0:0783

3 Disruption probability d � 0:89 0:64 0:89 0:99

4 Empirical disruption probability hd̂i x4 0:0783 0:0159 0:0345 0:0783

5 Average empirical disruption probability in stable phases hd̂iS x4 0:0790 � 0:0146 0:0159 � 0:0016 0:0345 � 0:0023 0:0782 � 0:0034

6 Average empirical disruption probability in unstable phases hd̂iU x4 0:0776 � 0:0153 0:0159 � 0:0016 0:0345 � 0:0023 0:0783 � 0:0034

7 Number of stable phases (� � 5) K � 102992 92351 82892 22313

8 Run-averaged best score hsi (4) 2:62 � 0:32 2:69 � 0:35 2:64 � 0:31 2:40 � 0:16

9 Run-averaged mean score hsi (5) 2:41 � 0:34 2:46 � 0:37 2:36 � 0:35 2:01 � 0:16

10 Fraction stable � (6) 0:469 0:450 0:318 0:053

11 Average duration of stable phases h�i (7) 11:4 12:2 9:6 5:9

12 Average duration of cooperative stable phases h�iC x4:3 16:1 15:6 11:6 7:3

13 Average duration of others stable phases h�iO x4:3 8:8 8:2 6:9 5:9

14 Average duration of unstable phases h��i (7) 15:3 17:9 23:4 108:0

15 Averaged best score, stable phases hsiS � 2:72 � 0:24 2:80 � 0:23 2:80 � 0:21 2:46 � 0:11

16 Average best score, unstable phases hsiU � 2:53 � 0:36 2:59 � 0:40 2:55 � 0:33 2:40 � 0:16

17 Averaged mean score, stable phases h�siS � 2:60 � 0:27 2:70 � 0:25 2:64 � 0:25 2:14 � 0:15

18 Average mean score, unstable phases h�siU � 2:22 � 0:31 2:25 � 0:33 2:22 � 0:30 2:00 � 0:16

19 Run-averaged score difference h�si (10,7) 0:18 0:21 0:25 0:36

20 Run-averaged r.m.s. deviation h�i (10) 0:130 0:136 0:146 0:184

21 Average score difference in stable phases h�siS (14) 0:083 0:075 0:119 0:284

22 Average r.m.s. deviation in stable phases h�iS (14) 0:110 0:109 0:116 0:172

23 Averaged score difference in unstable phases h�siU (15) 0:280 0:326 0:309 0:366

24 Average r.m.s. deviation in unstable phases h�iU (15) 0:148 0:160 0:161 0:185

25 Average change in r.m.s. deviation (� � 50) h��iS (17) �0:050 �0:062 �0:060 N=A

26 Average r.m.s. deviation (� � 50) h�iS (17,14) 0:110 0:101 0:093 N=A
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Note that in Table 4 and later on in our subsequent discussion, standard deviations
on population-averaged and/or run-averaged mean values are only listed when the
corresponding statistical distribution of the quantity being averaged is at least roughly
symmetrical about the mean; this is in general true for raw score measures (discussed
in x4.1), but not for lifetime distributions (x4.2) or heterogeneity measures (x4.4).

We also ran the same simulations with noise in the interpretation of the strategies.
Strategies were rarely making mistake when reading the last node of their path in the
binary tree (1%). The main results did not change.

4.1 Score measures
Is crossover useful in evolving high-scoring deterministic strategies in the context of the
IPD? Axelrod (1987) originally answered �yes� to this question , but his simulations
were only run over 50 generations. In all likelihood, what he observed is the better
initial exploration of parameter space carried out through the use of crossover, so that
good strategies emerge faster. This is indeed a very useful thing, and is in line with
Holland’s building block hypothesis. Because our simulations were carried over a great
many more generational iterations, we are in a position to answer a somewhat different
set of questions.

In the long run, is crossover helping to produce and sustain higher scores than in
its absence? Consider �rst the run-averaged best score:

hsi =
1

N

N
X

i=1

s(i) ; (4)

where N (= 2:5 � 106 here) is the number of generational iterations. Line 8 of Table
4 lists values for this quantity, along with r.m.s. deviations about the average, in our
four baseline simulations. Crossover does not seem to have any statistically signi�cant
effect here. A related but distinct score measure is the simulation-averaged mean score
for the entire population, rather than the best performing member at each generational
iteration:

hsi =
1

N

N
X

i=1

s(i) =
1

MN

N
X

i=1

M
X

m=1

sm(i) : (5)

In the function optimization context, some authors have noted that while crossover
does not seem to improve signi�cantly the maximum �tness, it does lead to a signi�cant
increase in the population-averaged �tness (see Spears (1993) , and discussion therein).
For the four simulations of Table 4, these run-averaged mean scores are again all well
within each other’s r.m.s. deviations (see Line 9 on Table 4). This indicates that in
the present context, crossover has indeed very little overall in�uence on global score
measures.

When these score measures are computed for stable and unstable phases sepa-
rately, one clear pattern does emerge. Both the run-averaged best score and the run-
averaged, population-averaged mean score are signi�cantly higher in stable phases
than in the intervening unstable epochs, a trend present in all four baseline simulations
(cf. Lines 15�16 and 17�18 in Table 4). It pays to be stable, for the best strategy as well
as for the population as a whole. While this suggests distinct evolutionary dynamics
in stable and unstable phases, once again crossover does not seem to have a signi�cant
direct effect, as all score measures and associated standard deviations are similar in all
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four simulations except for the average mean score in the stable phase of simulation 4
that is marginally lower than the three other simulations (cf. Line 17 in Table 4).

Extreme values of disruption probabilities (cf. Line 3 in Table 4) correspond to
extreme values of performance measures related to score in Table 4 (cf. Lines 8 � 9
and 15 � 18). These entries show that the lowest disruption probability (Simulation
2) yields the highest scores, while the highest disruption probability (Simulation 4)
produces the lowest scores. Although this observation is not a rule, as can be seen
from intermediate disruption probability (Simulation 1 and 3) and standard deviations,
it resembles the pattern observed by Ishibuchi and Namikawa (2005) on the effect of
mutation and crossover on the percentage of mutual cooperation, a surrogate measure
for score.

4.2 Stability measures
Is crossover perhaps favoring evolutionary stability? To answer this question we �rst
consider the fraction � of the whole simulation spent in stable phases, as identi�ed
above:

� =
1

N

K
X

k=1

�k: (6)

Here an interesting difference emerges. Restricting the analysis to stable phases having
� � 5, one �nds that in simulation 1, 47% of the simulation is spent in stable phases.
This fraction falls slightly to 45% when crossover is turned off (simulation 2), the fall
continues to 32% in simulation 3 which has identical disruption probability at breeding
than simulation 1, and drops to 5% in simulation 4 where the empirical distribution
probability its equivalent to simulation 1 (see Line 10 in Table 4).

Broadly speaking, two explanations can be put forth here. Either crossover in-
creases the duration of stable phases, or it decreases the duration of unstable phases
(or both). To disentangle these possibilities, we begin by constructing the probability
distribution function (PDF) of stable phase lifetimes, f(�), i.e., the fraction of lifetimes
that have values lying between � and � + d� . This is quite straightforward once a list
of lifetimes �k (k = 1; :::; K) has been extracted from a given time series, as described
in x3. The results of such an exercise are shown on Figure 3, for the four baseline simu-
lations of Table 4. The distributions have been constructed for logarithmically constant
binsizes, to reduce the statistical noise level in the distributions’ tails, where they most
differ.

The mean durations of stable phases are computed by integrating their corre-
sponding PDF:

h�i =

Z

f(�)�d�

 

�
1

K

K
X

k=1

�k

!

; (7)

and are indicated by symbol-coded vertical line segments on Fig. 3. At equal disruption
probability (Simulation 1 versus 3), stable phases last about 20% longer on average
when crossover is present. At equivalent empirical disruption probability (Simulation
1 versus 4), stable phases are almost twice longer when crossover is present. This is a
signi�cant difference, but insuf�cient to explain all the aforementioned differences in
time spent in stable phases. One must then conclude that less time is spent in unstable
phases when crossover is present. This is readily veri�ed upon computing the PDFs
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Figure 3: Probability distribution functions f(�) for the lifetimes (� ) of stable phases, in
the four baseline simulations of Table 4 (�, 4, �, � for simulations 1, 2, 3, 4, respectively).
The dotted line is an exponential PDF, i.e., f(�) / exp(��=�0), �tted to the �rst three
data points of simulation 1. The horizontal position of the symbol-coded vertical line
segments indicate the mean values of the corresponding PDFs.

f(��) of unstable phases durations �� . These are simply de�ned as the number of
iterations between the end of one stable phase and the beginning of the next:

��k = jk+1 � (jk + �k) ; k = 1; :::; K � 1 : (8)

where jk is the iteration marking the beginning of stable phase k (of duration �k). Fig-
ure 4 shows the PDFs for this quantity in our three usual simulations, in the same
format as for the PDFs of stable phases lifetimes presented on Fig. 3. Mean values
h��i, computed via eq. (7) with �� replacing � , are listed on Line 14 of Table 4. Note
how, at equal disruption probability (simulations 1 vs 3), crossover at pc = 0:7 nearly
halves the mean duration of unstable phases, and still reduces it signi�cantly (� 15 %)
at �xed mutation probability (simulations 1 vs 2). At equal empirical disruption proba-
bility (simulations 1 vs 4), the unstable phases more than seven times longer than with
crossover. Even if the distributions of simulations 1, 2 and 3 look similar to the eye on
this log-log plot, they do differ signi�cantly. The p-value of a Kolmogorov-Smirnov test
associated with all combinations of comparison are lower than 10�6, so the hypothesis
that the distributions come from the same function can be rejected. To outline the dif-
ference of the distributions functions of unstable phase lifetime, the Q-Q plot is used
to amplify the difference on the tail of the distributions, it is the representation of the
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Figure 4: PDF of unstable phase durations, for our four baseline simulations. The hori-
zontal position of the symbol-coded vertical lines segment indicate the mean duration
of unstable phases for each of the three PDFs. This mean value for simulation 2 (with-
out crossover) is 20% higher than for simulation 1 with pc = 0:7 (18 iterations, versus 15
when crossover is included), and a little over 50% larger at equal disruption probability
in simulation 3 (�). The mean value in simulation 4 (�) is more than 700% larger than
in simulation 1 (108 iterations versus 15).

quantiles of the �rst distribution against the quantiles of the second distribution (Law
and Kelton, 2000) (Fig. 5). There is a difference between all tree simulations, since none
of the Q-Q plot are following the dashed line representing two distributions from the
same function.

One might conclude that this is a direct consequence of crossover’s enhanced ex-
ploratory capability through building block assembly. After the appearance of an adap-
tively targeted predator, the formerly stable population is rapidly decimated, which is
followed by the equally rapid demise of the targeted predators, since these are typ-
ically not particularly good at playing IPD against one another. Recovery to a new
stable phase must happen through the discovery (or rediscovery) of another evolu-
tionarily (meta)stable strategy. Crossover can in principle accelerate this recovery pro-
cess, for example by allowing different types of �jumps� through strategy space (one of
crossover’s secondary role, according to Holland, cf. x1), and/or recombining building
blocks, if some are present in the problem space (crossover’s most important role, again
according to Holland).

Examination of time series such as on Fig. 2 reveals that many stable phases seem
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Figure 5: QQ-plot compares the quantiles of two distribution. If both distributions are
the same, all points fall on the dashed line. Here we compared the distributions of
unstable phase lifetime. All distributions have signi�cant differences on their tails and
failed a Kolmogorov-Smirnov test with a p-value less than 10�6.

to have similar mean scores (such as A and C on Fig. 2). First de�ne a plateau-averaged
best score hsik over the duration �k of the kth stable phase beginning at iteration number
jk:

hsik =
1

�k

jk+�k�1
X

i=j

s(i) ; k = 1; :::; K (9)

where, as before s(i) � max(s(i)) is the time series of best score (cf. Fig. 2). Figure 6
shows PDFs of this quantity, for our three baseline simulations. Remarkably, all four
PDFs are peaking at 2:5, which is the mean score of a series of alternate cooperation-
defection out of synchrony ( T+S

2
= 2:5). Another peak is common for all simulations

just below 3:0 (the mutual cooperation reward), although simulation 4 barely shows
this peak. Instead, simulation 4 has peaks at 2:5 and 2:25 the mean of two strategies
that cooperate half the time without any consideration for the previous moves (0:25S +
0:25P + 0:25R + 0:25T = 2:25). We will refer to those scores as the combination of
strategies that generate them, even if more complicated sequences can create the same
outcome. Other peaks can be found below 2:4 and at 2:6, but they do not represent
any particular set of strategies. In every simulation most of the stable phases are either
close to mutual cooperation or alternate cooperation-defection out of synchrony.

Interestingly, there are no stable phases above 3:0. In other words, the exploita-
tion of cooperators cannot be stable. The predator, can exploit cooperators, but won’t
last more than 4 iterations, which is less than the takeover time. As soon as a preda-
tor invades the population, no stable phase is possible. Stable phases are only present
for best score between 2 and 3, so mutual punishment or exploitation of cooperators
cannot be stable (Fig. 6). From �gure 6, we see two major families of outcomes: an
alternate sequence of cooperation-defection (C-D) out of phase (2:5) and mutual coop-
eration (3:0). Simulation 1 spent most of its stable phases in the alternate sequence of
C-D outcomes. Simulation 2 and 3 spent more of their stable phases in the mutual co-
operation regime. Between the two major families, there is a gap below 2:8 where no
stable phases exist. This breaking point separate mutually cooperative outcomes from
the others. Strategies jump between the families after a perturbation occurs.
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Figure 6: PDF of best score averaged over individual stable phases (see eq. 9), for the
four baseline simulations. The dashed vertical line indicates the expected score for TFT
playing IPD against another TFT.

4.3 Joint score-lifetime distributions
The averaged best scores in stable phases listed in Table 4 (Line 15) cannot be extracted
from the PDFs plotted on Fig. 6 simply because stable phases do not have the same
duration �k . These discrepancies, however, are an indicator of correlations between
lifetimes and scores averaged over stable phases. Figure 7 is a scatter plot of the pairs
(hsik ; �k) for all stable phases. Note how long-lifetime stable phases (�k � 10, say) tend
to clump in fairly distinct families, each with distinct score-lifetime correlations. This
indicates that there exist a �nite number of evolutionarily metastable strategies, and
that it tends to be preferentially one or the other of these strategies that keep being dis-
covered by the evolutionary process, only to be wiped out again once strategy-speci�c
predators emerge, and reappear at some subsequent time once those predators have
driven themselves to extinction by obliterating their prey.

This suggests that the evolving population achieves evasion from targeted adap-
tive predation by rapidly evolving from one metastable strategy to another as prey-
speci�c predators appear in the simulation. Appearance of such predators is thus the
primary trigger behind the large-scale evolutionary patterns observed in the simulation
(recall, cf. Fig. 2, that most long-lifetime stable phases end up with a marked upward
�spike� in the best-mean-score, indicative of the appearance of a strategy that does
very well against other members of the current population). The fact that unstable
phases are of signi�cantly shorter duration when crossover is included in the simula-
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